Recently a non-trivial (3 + 1)-dimensional Einstein-Gauss-Bonnet theory of gravity was formulated in [D. Glavan and C. Lin, Phys. Rev. Lett. 124, 081301 (2020)] which bypasses the Lovelock's theorem and avoids Ostrogradsky instability. Here we calculate quasinormal modes of scalar, electromagnetic and gravitational perturbations and find the radius of shadow for spherically symmetric and asymptotically flat black holes in this theory. We show that, when the coupling constant is positive, the black hole is gravitationally unstable unless α is small enough (0 < α 0.15). At the same time, the negative coupling constant allows for a stable black-hole solution up to relatively large absolute values of α (0 > α −2.0). The instability is the eikonal one. It develops in the both, axial and polar, channels of gravitational perturbations at high multipole numbers. The radius of the shadow R Sh obeys the linear law R Sh ≈ (3 √ 3/2) + 0.94α with a remarkable accuracy.
I. INTRODUCTION
Quasinormal modes and shadows of black holes are, apparently, among the most interesting characteristics of black holes in the gravitational and electromagnetic spectra. They have been observed in the modern experiments, still, leaving the wide room for interpretations and alternative theories of gravity [3] . A number of such alternative theories appeared in attempts to answer a number of fundamental questions which cannot be resolved with General Relativity, such as, for example, construction of quantum gravity or singularity problem. Many of these theories include higher curvature corrections to the Einstein term and one of the most promising approaches is related to the Einstein-Gauss-Bonnet theory (quadratic in curvature) and its Lovelock generalization (for higher than the second order in curvature). In four dimensions, the Einstein-Gauss-Bonnet theory leads to non-trivial corrections of the equations of motion only if the Gauss-Bonnet term is coupled to a matter field, for example, to the dilaton. Various effects in such Einsteindilaton-Gauss-Bonnet theories were considered in [15] [16] [17] [18] [20] [21] [22] [23] [24] [25] .
However, it turned out that there is a non-trivial Einstein-Gauss-Bonnet theory of gravity with no extra fields coupled to curvature. Indeed, a general covariant modified theory of gravity in D = 4 space-time dimensions in which only the massless graviton propagates and the theory bypasses the Lovelock's theorem has been recently proposed in [1] . The four-dimensional theory is defined as the limit D → 4 of the higher dimensional case. In this singular limit the Gauss-Bonnet invariant produces non-trivial contributions to gravitational dynamics, while preserving the number of graviton degrees of freedom and Here, for the first time, we calculate the quasinormal modes of a scalar, electromagnetic and gravitational perturbations with the WKB and time-domain integration methods and find radius of the shadow of an asymptotically flat black hole in this novel Einstein-Gauss-Bonnet theory of gravity. We show that there is the eikonal instability of gravitational perturbations when the coupling constant is not small enough and we find the threshold values of the coupling constant for this instability. In addition, we discuss the breakdown of the correspondence between the eikonal quasinormal modes and the parameters of the null geodesics formulated in [52] , which is valid here for test fields, but, evidently, not for the gravitational one.
The paper is organized as follows. In sec. II we summarize the basic information on the Einstein-Gauss-Bonnet theory and the black hole solution therein. Sec. III is devoted to quasinormal modes of test fields, while Sec. IV discusses the gravitational perturbations, the eikonal instability and the breakdown of the correspondence between the eikonal quasinormal modes and null geodesics. In sec. V we calculate the radius of the shadow of the black hole. Finally, we summarize the obtained results and discuss a number of open questions.
II. THE NOVEL FOUR-DIMENSIONAL EINSTEIN-GAUSS-BONNET THEORY AND THE BLACK HOLE METRIC
In four dimensional space-time General Relativity is described by the Einstein-Hilbert action,
where D = 4 and the reduced Planck mass M P characterizes the gravitational coupling strength. According to the Lovelock's theorem [26] [27] [28] General Relativity is the unique four dimensional theory of gravity if one assumes: a) diffeomorphism invariance, b) metricity, and c) second order equations of motion. In higher than four dimensions the general action satisfying the above conditions is
where α is a dimensionless (Gauss-Bonnet) coupling constant and G is the
The idea suggested in [1] is to rescale the coupling constant,
of the Gauss-Bonnet term, and only afterwards to consider the limit D → 4. This leads to the solution for a static and spherically symmetric case in an arbitrary number of dimensions D ≥ 5,
which was already found in Ref. [2] . This solution is extended to D = 4 solutions via the re-scaling prescribed in [1] , and then by taking the limit D → 4, − g 00 = f (r) = e 2ω = e −2λ (5)
Here the Newton's constant is G = 1/(8πM 2 P ) and M is a mass parameter. Here we will study "the minus" case of the above metric, as it leads to asymptotically flat solution, unlike "the plus" case, which is asymptotically de Sitter one. There are two branches of solutions if α > 0, but, if α < 0, there is no real solution for r 3 < −128παG 2 M . Therefore, we will mainly consider the α > 0 case here and an asymptotically flat branch of this case. Nevertheless, we will consider the form of the effective potentials, stability regions and obtain some results on quasinormal modes, which are valid for negative α as well.
The event horizon is the larger root of the following ones: Notice also that the above black-hole metric was considered earlier in the context of corrections to the entropy formula in [5, 6] . From here and on we will consider 32πα as a new coupling constant α and use the units G = 1 and M = 1/2. Now we are in position to consider quasinormal modes and shadows of the above black holes.
III. QUASINORMAL MODES OF SCALAR AND ELECTROMAGNETIC FIELDS
The general covariant equation for a massless scalar field has the form
and for an electromagnetic field it has the form
where F ρσ = ∂ ρ A σ − ∂ σ A ρ and A µ is a vector potential. After separation of the variables equations (7,8) take the following form where s = scal corresponds to scalar field and s = em to the electromagnetic field. The "tortoise coordinate" r * is defined by the relation dr * = dr/f (r), and the effective potentials are
The effective potentials have the form of a positive definite potential barrier with a single maximum. Quasinormal modes ω n correspond to solutions of the master wave equation (9) with the requirement of the purely outgoing waves at infinity and purely incoming waves at the event horizon (see, for example, [36, 39] ):
In order to find quasinormal modes we shall use the two independent methods:
1. Integration of the wave equation (before introduction the stationary ansatz) in time domain at a given point in space [29] . We shall integrate the α WKB (6th order,m = 5) Time-domain 0.001
The fundamental quasinormal mode of the scalar field (ℓ = 1, n = 0, M = 1/2) as a function of α.
wave-like equation rewritten in terms of the lightcone variables u = t − r * and v = t + r * . The appropriate discretization scheme was suggested in [29] :
where we used the following notation for the points:
The initial data are given on the null surfaces u = u 0 and v = v 0 .
2. In the frequency domain we will use the WKB method of Will and Schutz [30] , which was extended to higher orders in [31] [32] [33] and made even more accurate by the usage of the Pade approximants in [33, 34] . The higher-order WKB formula [35] :
where K takes half-integer values. The corrections A k (K 2 ) of order k to the eikonal formula are polynomials of K 2 with rational coefficients and depend on the values of higher derivatives of the potential V (r) in its maximum. In order to increase accuracy of the WKB formula, we take after Matyjasek and Opala [33] and use Padé approximants.
As both methods are very well known ( [35, 36] ), we will not describe them in this paper in detail, but will simply show that both methods are in a good agreement in the common range of applicability.
From the table I and figure 2 one can see that when increasing the coupling constant α, the real oscillation frequency of ℓ > 0 modes is monotonically increased, while the damping rate is decreased. The behavior of the lowest scalar multipole ℓ = 0 is different according to the WKB data given on fig. 1 and one could suspect that there is lacking accuracy of the WKB technique. However, the time domain calculations show qualitatively similar behavior: the real oscillation frequency begins to decrease at some value of α. In the next section we will show that at these values of α when the Reω is nonmonotonic, the gravitational instability develops, so that no real black hole can exist. At the same time, even the time-domain data cannot be fully trusted for ℓ = 0 as the extraction of the frequency is difficult in this case, because the quasinormal ringing occurs only during a few oscillations and then goes over into the asymptotic tails (see fig. 3 ). When using the WKB method we applied the Pade approximants as prescribed in [33] and used the 6th WKB order withm = 5 [35] . Unlike the lowest ℓ = 0 case, quasirnomal modes for higher multipoles calculated by the WKB and time-domain integration methods are in a very good agreement, what will be illustrated for gravitational perturbations in the next section.
In the regime of high multipole numbers the WKB formula of the first order can be applied
where V 0 is the peak of the effective potential and V ′′ 0 its second derivative at the peak. This formula can be expanded in terms of 1/ℓ (see [44] for a general approach). The peak of the effective potential has the following form:
while the quasinormal frequencies in this regime are
15) Let us notice that the above eikonal formula is valid for both positive and negative α, whenever the black-hole solution under consideration is stable against gravitational perturbations. When the coupling α vanishes, the above formula goes over into the well-known expression for the Schwarzschild limit [54] .
IV. GRAVITATIONAL PERTURBATIONS AND THE EIKONAL INSTABILITY

A. The perturbation equations
In [45] it was shown that after the decoupling of angular variables and some algebra, the gravitational perturbation equations of the higher dimensional Einstein-Gauss-Bonnet theory can be reduced to the second-order master differential equations
where Ψ i are the wave functions, r * is the tortoise coordinate,
and i stands for v (vector ), and s (scalar ) types of gravitational perturbations. These perturbations transforms as scalars and vector respectively the rotation group on a (D − 2)-sphere. They should not be confused with the test scalar or vector fields considered in the previous section. The vector type of gravitational pertubations is also called the axial type, and the scalar is known as the polar type. The explicit forms of the effective potentials V s (r), V v (r) are given by
where n = D − 2, ℓ = 2, 3, 4, . . . is the multipole number, T (r) is given in [45] , and
For large ℓ the effective potentials can be approximated as follows:
where, i stands for vector (v) and scalar (s) types of gravitational perturbations. Thus,
As the higher dimensional field equations after the rescaling α → α/(D − 4) are supposed to be fulfilled not only for the background black hole metric, but for any (even not static) solution of the Einstein-Gauss-Bonnet equations, for example for cosmological solutions given in [1] , the perturbation equations can be dimensionally reduced in exactly the same way as those for the background black-hole metric. In other words, we can use the master equation obtained for the higher dimensional Einstein-Gauss-Bonnet case implying an arbitrary background metric function f (r) and then perform the rescaling α → α/(D − 4) in it.
The effective potentials have the form of the potential barrier in this case, but, as in the higher dimensional EGB gravity, with a negative gap near the event horizon at larger values of the coupling constant α. This negative gap becomes infinite when the multipole number ℓ goes to infinity, which means the so called eikonal instability [40-43, 45-49, 51] . Indeed, the effective potential for the vector type of gravitational perturbations has the following form in the eikonal regime: 
The effective potential for the scalar type of gravitational perturbations (see fig. 8 ) is too cumbersome and, therefore, we do not write it down here explicitly.
B. The (in)stability region
According to the analysis of the detailed eikonal instability given in [41, 42, 45, 47] for the higher-dimensional Einstein-Gauss-Bonnet theory, once for some fixed α the negative gap appears and becomes deeper at higher multipoles, there is some sufficiently large ℓ for which the bound state with negative energy appears, which means the onset of instability. Therefore, investigation of regions in which the effective potential is positive definite not only at the lower, but also at high multipoles is sufficient to determine stability, while the negative gap becoming deeper when ℓ is increased signifies the eikonal instability.
Thus, by looking at the parametric regions in which the effective potentials are positive or negative, one can see that the re-scaled potential has the following region of the eikonal stability:
while for smaller α the black hole is stable against vector perturbations. The scalar type of gravitational perturbations imposes even stronger bound on the coupling constant:
The profile of the quasinormal ringing for gravitational perturbations representing a typical time-domain evolution of instability is shown on fig. 5 : as for the higher dimenaional EGB theory [49] it develops after a long period of damped quasinormal oscillations for every finite ℓ and the eikonal regime ℓ → ∞ corresponds to the parametrically largest region of instability.
For negative α the effective potential are positive definite up to some moderately large values of the absolute value of the coupling constant. Thus the effective potential for the scalar type of gravitational perturbations at ℓ ≥ 2 is positive definite, when
while for vector type of gravitational perturbations 0 > α −3.95 (vector type).
Examples of positive definite effective potential and potential with a negative gap near the potential barrier are given on fig. 8 . Thus, we conclude that the black hole is stable for 0 > α potential acquires the negative gap which, nevertheless, can sometimes be remedied at higher multipoles ℓ, so that the full analysis of stability for α must be done via the through consideration of the quasinormal spectrum for all negative values of α.
In the table II and III one can see the fundamental (ℓ = 2, n = 0) quasinormal modes of vector (axial) and scalar (polar) types of gravitational perturbations in the region which is proved to be free from instabilities. As one can see all the data obtained by the WKB and timedomain integration are in a very good agreement for small and moderate values of α. When α is increasing, both the real oscillation frequency and damping rate decrease. At α < −1.5 the discrepancy between the time-domain integration and WKB approaches slightly increases, because the second concurrent mode with nearby damping rate appears in the spectrum and the time domain profile consists from the two dominant modes (see fig. 7 ).
C. The correspondence between the eikonal QNMs and null geodesics
It worth mentioning that in the eikonal regime the quasinormal modes of test fields do not coincide with those for the gravitational perturbations. This is reflected in the broken correspondence between eikonal quasinormal modes and null geodesics. According to this correspondence (reported in [52] ) the real and imaginary parts of the eikonal quasinormal mode must be multiples of the frequency and instability timescale of the circular null geodesics respectively. Following Cardoso et. al. [52] , one can see that the principal Lyapunov exponent for null geodesics around a static, spherically symmetric metric is
where the tortoise coordinate can be written in the following form dr/dr * = g(r)f (r). The coordinate angular velocity for the null geodesics is
where r c is the radius of the circular null geodesics, satisfying the equation
Then, in a similar fashion with [53] , we observe that
i.e. f (r) does not coincide with f i (r), so that the position of the effective potential's extremum r 0 must not coincide with the location of the null circular geodesic r c . The WKB formula for quasinormal modes is also different from the Einsteinian ones, as now it includes f i (r) instead of f (r):
Thus we conclude that the correspondence between gravitational quasinormal modes in the eikonal regime and null geodesics is not fulfilled in our case, but it does take place for test fields, whenever the coupling constant α is small and there is yet a point to consider the background metric as the viable black-hole solution. This is a four-dimensional illustration of the principle formulated in [53] : the eikonal quasinormal modes/null geodesics correspondence is guaranteed only for the good, from the WKB point of view, effective potentials, which is provided for minimally coupled test fields.
V. RADIUS OF THE SHADOW
Theoretical analysis of shapes of the black hole shadows have been recently considered in a great number of papers (see, for example, [7] [8] [9] [10] [11] [12] [13] [14] and references therein). The radius of the photon sphere r ph of a spherically symmetric black hole is determined by means of the following function: (see, for example, [37, 38] and references therein)
as the solution to the equation
Then, the radius of the black-hole shadow R sh as seen by a distant static observer located at r O will be
where in the last equation we have assumed that the observer is located sufficiently far away from the black hole so that f (r O ) ≈ 1.
One can easily see that in the units of the event horizon radius r + = 1, the radius of the shadow can be very well approximated by the following linear law:
where the first term is for the Schwarzschild's radius of the shadow. Thus, the radius of the shadow is always larger when the GB coupling is turned on when comparing black holes of the same radius.
VI. DISCUSSION
It is generally accepted that Einstein-Gauss-Bonnet theories are nontrivial only in higher than four dimen-sional spacetimes. However, the re-scaling of the coupling constant prior to the dimensional reduction [1] leads to the novel formulation of the classical Einstein-Gauss-Bonnet theory in 4D, which is different from the pure Einstein theory. Here we have studied quasinormal modes of scalar, electromagentic and gravitational perturbations of asymptotically flat black hole in the (3+1)dimensional Einstein-Gauss-Bonnet theory.
We have shown that as to the change of the coupling constant α, the damping rate is more sensitive characteristic than the real oscillation frequency. In addition, we have shown that unless the coupling constant is small enough, a dynamical eikonal instability occurs in the vector (axial) and scalar (polar) types of gravitational perturbations. This is similar to the instability observed for the higher dimensional Einstein-Gauss-Bonnet and Lovelock theories (see, for example, and reference therein [40] [41] [42] [43] ). The branch with negative α allows for stable black holes at much larger absolute values of the coupling constant than the branch with positive α. In the regime of large negative α there appear two concurrent modes with close damping rates. The radius of the shadow is remarkably well described by the linear law.
Our paper can be extended in a number of ways. The quasinormal modes and stability of an asymptotically de Sitter branch can be considered in a similar manner. In the forthcoming paper we will study the grey-body factors and Hawking radiation of the asymptotically flat black holes in the 4D Einstein-Gauss-Bonnet theory [55] .
